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ABSTRACT 


Commonly ,  hypotheses  Introduced  by  Cauchy  or  Born  are  used  to  relate 
macroscopic  deformation  to  atomic  motions ,  in  molecular  theories  of 

l 

elasticity.  Our  purpose  is  to  discuss  the  applicability  of  these  to  crystal- 
crystal  phase  transformations  and  the  ambiguities  which  are  involved  in 
estimating  the  deformation  from  observations  of  lattice  vectors. 
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ron  crystals 


J<  L.  Bricksen* 

1.  IWOOOCTIOM. 

C—w lyt  molecular  th  aorta  a  of  crystal  alaatictty  laan  upon  hypothaaas  introduced  by 
Caochy  (1-3)  or  Bora  [4]  to  rolato  ehiajat  la  atomic  positions  to  macroscopic 
datamation.  Both  nan  plcturad  tha  ate—  as  aass  points.  Bristly  and  roughly,  Cauchy 
ass— ad  that  at— ic  Motion  and  gross  notion  ara  tha  sans,  where  both  ara  dafinad.  Latar , 
it  was  appraciatad,  in  particular  by  Born,  that,  in  a  solid  which  appaars  to  ba  at  rant, 
ate—  still  undargo  vibratory  (tha real)  notions  about  aquilibri—  positions.  Sines  such 
things  as  x-ray  observations  avaraga  out  such  fluctuations,  they  can  appear  to  ba  in  good 
agreement  with  Cauchy's  hypothesis.  By  thsse  standards,  Cauchy's  hypothesis  might  or  night 
not  describe  deformations  encountered  in  transitions  obsarved  in  crystals. .  For  purposes  of 
disc— sion,  I  will  ignore  such  fluctuations.  Born  pointed  out  that.  In  so—  cases, 

Cauchy's  hypothesis  is  in  trouble  for  a  different  reason,  being  inconsistent  with  certain 
conditions  of  aquilibri—.  As  an  alternative,  ha  proposed  that  lattice  vectors  deform  as 
would  material  line  a laments,  subject  to  tha  nacroseoplc  deformation,  tha  aforementioned 
aquilibri—  conditions  being  used  to  fix  tha  finer  details  of  at— ic  arrangement.  Zn 
particular  cuts,  this  leads  to  deformations  consistent  with  Cauchy's  hypothesis. 

Co— only,  studies  requiring  such  an  hypothesis  use  one  of  the  two. 

Zn  trying  to  apply,  or  to  decide  whether  either  hypothesis  is  applicable  to 
deformations  involved  in  phase  transformations,  one  encounters  ambiguities,  complicating 
the  matter.  Ny  primary  purpose  is  to  elaborate  this. 


•Depart— nt  of  aerospace  biglnserlng  and  Mechanics  and  School  of  Naths— tics,  university  of 
Minnesota,  Minneapolla,  Ml  5S45S 


2.  THE  HYPOTHESIS 


A  classical  definition  of  crystals  pictures  configurations  of  atoms,  filling  all  of 
space.  To  be  crystal  configurations,  these  must  have  a  periodic  structure,  described  by  a 
translation  group,  generated  by  three  (constant)  linearly  independent  vectors,  a1t  a2 
and  iy  The  idea  is  that  any  point  must  be  carried  to  a  physically  indistinguishable 
point  by  all  translations  of  the  form 

n*aK  ,  (2.1) 

where  we  use  the  susmmtion  convention,  and  the  n*  represent  any  set  of  integers.  What  is 
eosmtlmes  left  unsaid,  but  to  be  understood,  is  that  this  group  is  maximal}  we  don't  skip 
over  any  indistinguishable  points,  for  example,  we  commonly  picture  amorphous  solids  as 
hoawgeneous,  meaning  that  we  have  such  a  translation  group  for  any  choice  of  ax,  but  a 
crystal lographer  would  not  include  them.  With  tills  understanding,  the  aK  are  called 
lattice  vectors.  Less  than  maximal  groups  are  sometimes  encountered  in  practice,  as  will 
become  dear.  Different  sets  of  lattice  vectors  are  equivalent,  in  the  sense  that  they 
generate  the  same  translation  group.  For  two  sets  a^  and  ^  to  be  equivalent,  it  is 
necessary  and  sufficient  that  they  be  related  by  an  equation  of  the  form 

V  •  -t-L  •  "-1' 

where  the  mjj[  are  any  integers  such  that 

det.ls£l  -  *1  ,  (2.3) 

describing  the  equivalence  as  a  representation  of  an  infinite  discrete  group  G,  which 
plays  an  important  role  in  the  classical  theory  of  crystallographic  groups.  A  monatomic 
crystal  may  or  may  not  occur  as  a  so-called  simple  or  Bravsis  lattice,  doing  so  provided 
application  of  the  translation  group  to  one  atom  gives  ths  positions  of  all. 

Of  course,  we  observe  bodies  which  are  not  infinite,  but,  finite.  If  a  body,  or  some 
macroscopic  pert  of  it,  can  reasonably  be  Identified  with  a  restriction  of  the  ideal 
infinite  crystal,  the  part  passes  as  a  crystal.  In  the  process,  one  exercises  seme 
jud^ent  about  defects  occurring  in  real  crystals.  One  crystal  might,  after  a  phase 
transition,  exist  as  a  number  of  crystals  somehow  joined  together.  It  can  be  hard  to  know 
just  what  part  of  the  original  configuration  corresponds  to  a  given  part  of  the  final,  let 


alone  decide  enaetly  Hint  deformation  it  experienced.  Clearly,  deciding  which  of  an 
identical  set  of  atone  goes  where  involves  eons  guesswork.  As  is  discussed  by  Nishlyama 
15,  Ch.  6),  for  example,  netallurgists  have  had  sene  United  success  unravelling  such 
pussies,  Among  the  ideas  used  is  Cauchy's.  Actually,  acne  bodies  of  interest  consist  of 
parts  which  ere  not  true  crystals,  but  strongly  resesble  then.  For,  say,  coaaon  carbon 
steels,  the  iron  stone  can  forn  s  good  siaple  lattice,  but  carbon  atons  are  distributed 
rather  readonly.  For  present  purposes,  such  things  sight  well  be  regarded  as  crystals. 

Xn  dealing  with  the  ideal  infinite  configurations,  it  seems  fairly  natural  to  assune, 
as  Born  did,  that  deformations  taking  one  to  another  are  homogeneous ,  the  deformation 
gradient  F  being  constant.  Here  we  assvaae  that  sane  such  configuration  is  taken  as  a 
reference,  with  sene  definite  choice  of  reference  lattice  vectors  Ag.  The  Born  hypothesis 
then  reads 

ag  -  FAk  ,  (2.4) 

the  aK  being  a  possible  set  of  lattice  vectors  in  the  deformed  crystal.  Given  Ag  and 
F,  we  clearly  get  just  one  of  the  Infinitely  possible  choices  of  lattice  vectors  for  the 
deformed  crystal,  it  being  a  matter  of  chance  whether  these  are  the  sane  lattice  vectors 
which  an  x-ray  crystal lograpber  would  select.  Clearly,  (2.4)  describes  a  linear 
transformation  so,  in  particular,  for  any  element  of  G,  we  have 

“  *<«K>  *  <2-5> 

from  which  one  can  see  that  the  validity  of  the  Born  hypothesis  does  not  really  depend  upon 
a  special  choice  of  the  reference  lattice  vectors.  For  s  siaple  lattice  deforming  to  a 
simple  lattice,  (2.4)  rather  suggests,  as  many  would  as sues,  that  the  atom  originally  at 
n*Ag  moves  to  n*aK,  ignoring  a  trivial  translation.  Xf  no,  it  is  consistent  with 
Cauchy's  hypothesis.  Conversely,  it  is  not  hard  to  show  that  an  homogeneous  deformation 
taking  a  simple  lattice  to  another  will,  if  it  is  consistent  with  Cauchy's  hypothesis, 
satisfy  (2.4),  for  seme  choice  of  lattice  vectors.  Similar  agreement  occurs  in  some  other 
cases,  not  in  others.  Of  course,  in  Itself,  (2.4)  says  nothing  about  the  fate  of 
individual  atoms,  only  about  the  periodicity  of  nets  which  they  form.  Thus,  same 
assumptions  are  added,  in  making  such  comparison. 


It  sew u  pretty  clear  that  (2.4)  fails  to  apply  to  aoaia  of  tha  kinds  of  continuous  or 
saeond-ordar  tranaforaationa  considarad  by  Landau  Id,  who  did  not  discuss  F  or  tha 
equivalent ,  avoiding  tha  need  for  accepting  any  particular  hypothesis  about  it.  Briefly 
and  roughly,  atonic  positions  are  assumed  to  shift  in  a  continuous  way  with  pressure  and 
temperature,  but  there  can  be.  My,  a  sudden  doubling  in  length  of  a  lattice  vector.  Nora 
precisely,  no  Mtter  how  we  select  lattice  vectors,  at  lMst  one  experiences  a  siseable 
discontinuity.  Vo  bm  that  this  is  possible  one  need  only  appreciate  that  the  precise 
periodicity  can  be  changed  considerably,  by  infinitesimal  shifts  in  positions  of  soma 
atoms.  Bare,  (2.4)  would  require  F  to  suffer  an  unbelievably  large  discontinuity. 
Cauchy's  hypothesis  sews  much  more  rMSonable,  on  the  face  of  it.  10  accept  it,  one  swat 
argue  that  the  Mcroecopic  F  cm  very  somewhat  over  dlstancM  of  the  order  of  a  few 
atomic  spacings,  which  induces  swt  quMSineas. 

the  latter  type  of  difficulty  becomes  still  more  severe  in  so-called  shuffle 
transformations.  Bare,  lattice  vectors ,  chosen  in  m  obvloM  way,  remain  -ixmd.  Bo  does 
F,  as  observations  are  interpreted.  Ihie  is  consistent 'with  (2.4),  so  Born's  hypothesis 
cm  be  considered  to  apply.  Bowever ,  scan  atosw  in  a  unit  oell  undergo  finite 
displacements,  to  symmetry-related  positions.  Certainly,  it  does  not  seam  very  reasonable 
to  consider  that  Cauchy’s  hypothesis  is  applicable  to  such  cases. 

While  these  hypothesis  have  their  faults,  they  deMrve  serious  consideration,  so  we 
should  clearly  understand  just  what  they  imply.  In  part,  this  is  complicated  by 
ambiguities  inherent  in  either.  We  now  focus  on  some  associated  with  the  Born  hypothesis, 
there  being  rather  similar  kinds  associated  with  Cauchy's. 
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■van  riwn  the  Bern  rule  applies,  with  F  constant,  the  previous  discussion  sake* 
clear  that  measurements  of  lattice  vectors  alone  do  not  suffice  to  detenslne  F 
uniquely.  Said  differently,  infinitely  «any  homogeneous  deformations,  which  1  call 
.lattice-invariant  da  format  ions,  take  the  ideal  infinite  crystal  onto  itself,  in  a  manner 
consistent  with  the  Born  rule. 

Consider  any  crystal  configuration  as  a  reference,  and  take  any  possible  set  of 
lattice  vectors  ax  as  a  reference  set.  From  (2.2)  and  (2.4),  we  see  that  F  can 
reasonably  be  considered  to  describe  a  lattice-invariant  detonation  provided  there  Is  some 
element  of  the  group  G  such  that 

"  4!»l  •  O.i) 

Mathematically,  such  F  merely  fon  a  different  representation  of  G  or,  if  you  like,  a 
conjugate  group.  Introducing  the  dual  basis  a*,  the  so-called  reciprocal  lattice 
vectors,  such  that 

V*L  *  •  a*  -  1  ,  (3.2) 

we  can  solve  (3.1)  for  F,  obtaining 

F  -  s^  •  a*  .  (3.3) 

Commonly,  F  is  understood  to  be  orientation  preserving,  so 

dot  F  >  0  ,  (3.4) 

Asswing  this,  we  are  restricted  to  the  subgroup  of  G  whose  elements  have  positive 
determinant  and,  using  (2.3),  we  find  that  (3.3)  Implies  that 

dot  F  -  1  .  (3.5) 

Bines  such  deformations  take  the  infinite  crystal  to  an  indistinguishable  configuration, 
superposing  a  lattice-invariant  deformation  on  any  deformation  should  leave  invariant  such 
things  as  elastic  strain  energy  functions  or  associated  Cauchy  stress  tensors,  at  least  as 
I  and  some  others  see  it.  Molecular  theory  of  elasticity  seems  to  support  Mils  view.  When 
Niahiyama  (5,  p.  339]  argues  that  the  Bain  deformation  is  most  reasonable  because  it  has 
the  smallest  strain  energy,  he  seems  to  espouse  a  contrary  view.  Given  this  end  other 
similar  statements  in  the  metallurgical  literature,  it  seems  unfair  to  claim  that  the 


assertion  is  conaxsnly  accepted.  Parry  [7-8]  and  Pitteri  [9]  present  analyses  helpful  in 
constructing  constitutive  equations  exhibiting  the  aforementioned  invariance.  Of  course, 
Born's  hypothesis  might  hold  in  cases  where  elasticity  theory  fails  to  apply.  Rivlin  [10] 
discusses  seme  cases  which  might  be  regarded  as  illustrating  the  possibility.  Then,  the 
usual  idaas  of  strain  energy  and  stress  require  some  modification,  to  fit  some  different 
kind  of  theory. 

One  can  push  the  motion  a  bit  further,  to  consider  the  possibility  that  F  is  not 
constant ,  but  piecewise  constant,  nils  seems  reasonable,  as  long  as  the  diameter  of  a  set 
on  which  P  is  constant  is  reasonably  large,  coopered  to  atomic  spacing.  Roughly,  this  is 
measured  by  the  lengths  of  lattice  vectors,  selected  to  be  a  short  as  possible.  In  a 
rather  natural  way,  this  leads  to  a  notion  of  lattice-invariant  shears,  similar  to  that 
used  by  metallurgists,  in  attempts  to  describe  rather  complex  deformations  encountered  in 
soom  martensitic  transformations.  The  discussion  by  James  [11]  is  likely  to  be  more 
accessible  to  those  trained  in  niatheawtics  or  continuum  machanica. 

Suppose  that  two  neighboring  parts  undergo  homogeneous  deformations  relative  to  some 
homogeneous  configuration,  with  deformation  gradients  Fj  and  P2.  We  can  define  the 
relative  deformation  gradient  F  by 

F2  -  FFt  ,  (3.6) 

what  would  be  the  deformation  gradient  if  we  took  as  a  reference  the  obvious  homogeneous 
extrapolation  of  the  first  part.  Picture  some  part  of  this  reference  as  undergoing  the 
deformation  corresponding  to  F,  with  the  gradient  having  a  finite  discontinuity  on  a 
plane  with  unit  normal  initially  v,  say.  We  assume  that  the  displacement  remains 
continuous.  The  usual  klnamatical  conditions  of  compatibility  then  imply  that 

F  -  1  ♦  «  •  V  ,  (3.7) 

where  a  is  some  constant  vector,  not  the  null  vector.  Actually,  the  same  condition 
obtains  if  we  assume  that  the  displacement  has  a  constant  jump  discontinuity,  as  might  be 
associated  with  slip,  one  of  the  possibilities  considered  by  metallurgists.  Second,  we 
assmae  that  F  is  a  restriction  of  a  lattice  invariant  deformation.  This  is,  if  aK  are 
lattice  vectors  in  the  first  region,  we  must  have,  for  sosm  element  of  6, 


a 


U.9. 

Hart,  a  definite  choice  of  ax  sight  ba  dietatad  to  ba  obtainad  tram  th a  original 
rafaranca  sat  by  applying  p,  using  tha  Born  rula.  as  an  x-ray  erystallographar  would  aaa 
it,  lattiea  vectors  than  raaain  continuous • 

In  particular,  (3,5)  now  applies,  giving 

dat  P  ■  1  <“>  a*w  -  0  .  (3.9) 

thus,  P  has  tha  font  reins  only  associated  with  a  s  lapis  shearing  deformation,  making  it 
natural  to  call  these  lattice-invariant  shears.  Sobs  metallurgists  seam  to  use  tha  term  to 
include  such  things  as  martensitic  twinning,  involving  a  discontinuity  in  lattice  vectors 
which  is  quite  apparent  from  x-ray  observations .  According  to  theories  of  elasticity, 
invariant  in  tha  manner  indicated,  it  is  not  automatic  that  streasea  in  such  twins  will  be 
tha  same,  although  one  will  ba  unstressed  if  tha  other  is.  Common  analyses  of  these  employ 
a  relation  which  is  similar  to,  but  different  from  (3.8).  Seme  special  features  of 
equilibrium  under  sero  stress  are  discussed  by  James  (11).  Similar  considerations  apply  to 
cases  where  the  Cauchy  atreas  reduces  to  an  hydrostatic  pressure. 

Particular  examples  can  be  defined  by 

Fa1  ■  a1(  Pa3  “  ns?  ♦  a3,  Pa3  -  a3  ,  (3.10) 

where  n  is  any  Integer,  *x  any  linearly  independent  vectors,  considered  as  lattice 
vectors.  Bare,  solving  for  P  gives 

p  ■  M  na,  I  a2  .  (3.11) 

Here,  wo  have 


a  •  tna1*a2l  , 
v  -  ±a2/ls2l  . 


(3.12) 


Clearly,  ws  here  take 


(3.13) 


which,  being  a  unimodular  matrix  of  Integers,  is  in  G,  In  a  certain  sense,  all 
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Vi 
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possibilities  srs  of  this  kind.  Suppose  we  have  T,  aK,  and  m£,  satisfying  (3.1).  we 
can  take  any  other  element  of  G,  say  ii£,  and  define  an  equivalent  set  of  lattice 
vectors  aR  by 


-  _L  -L  P 

F*K  “  V*L  “  Wp  ' 

-L  P--1.Q- 
-  VV.(“  P*B  ' 


(3.15) 


Here,  we  have  denoted  in  an  obvious  way  the  inverse  of  the  group  element  used.  Clearly, 

5£  represents  an  eleaient  of  G,  obtained  froai  mjj;  by  applying  a  similarity 
transformation,  selected  as  an  arbitrary  element  of  G.  The  allegation  is  that,  given  any 
solution  to  the  problem  indicated,  we  can  use  such  similarity  transformations  to  reduce  it 
to  the  form  described  by  (3. 10)- (3. 10). 


To  begin  to  establish  this,  solve  (3.8)  for  m*,  which  gives 

L  .L  L 

V  “  *K  +  *  VK  ' 


(3.16) 


vK  -  vaK  , 


L  L 

a  “  o»a 


(3.17) 


we  have,  using  (3.2)  and  (3.9), 


aLvt  ■  a*  a1*  •  a^v  ■  a«v  »  0  . 


(3.18) 


Generally,  a1*  and  won't  be  Integers, but  the  must  be.  Pbr  any  ISO,  we  will 


>\ ' 


(3.19) 


eL  *  xo^*,  wK  -  o/x)vK  . 


(3.20) 


By  properly  choosing  X,  we  can  arrange  that  the  0  are  all  integers,  the  |i  rational 


In  particular,  we  then  know  that  the 


numbers.  For  example,  if  v1  *  0,  take  X  -  1/v^ 
quantities 

L  t  l 

«  vi  ■  *  »*i  -  0  (3.2D 

2 

■uat  be  integers.  Aa a using  this,  if,  say,  0  *  0,  we  know  that 

82  (3.22) 

■net  be  integers,  requiring  the  to  be  rational  numbers.  One  can  say  sore  about  theai, 

but  this  will  suffice.  Similarity  transformations  of  the  type  allowed  will  take 

■4  ■  aK  +  *\  <3-23> 

to  elements  of  the  sama  form,  say 

3  <3*24> 

where  the  are  linear  functions  of  the  0K  with  integer  coefficients,  ffK  similarly 
related  to  iiR.  Thus  the  formar  will  again  be  integers,  the  latter  rationale.  Also, 

(3.18)  implies  that 

“  l*)iK  -  0  .  (3.25) 

Starting  with  this  information,  it  is  straight  forward  to  use  an  elementary  theorem  in 
number  theory  to  construct  algorithms  for  calculating  the  similarity  transformations  needed 
to  effect  the  indicated  reduction,  for  the  various  possible  cases. 

CA8E  It  Two  of  the  0*  vanish. 

By  a  possible  transformation,  renumbering  lattice  vectors,  we  can  assume  that 

01  *  0,  02  -  03  -  0  ,  (3.26) 

Whence  follows  from  (3.25)  that 


M,  -  0  .  (3.27) 

If  either  U2  or  u3  vanishes  again  renumber  to  get  u3  -  0.  We  then  know  that 

fl'uj  -  n  , 

where  n  is  some  integer.  This  gives  us  (3.13).  If  w2w3  *  0,  we  know  that,  for  seme 
integers  n2  and  n3,  we  have 

a’uj  -  n2  ,  (3.28) 

*\  “  b3  ' 

If  n  is  the  greatest  common  divisor  of  these  integers,  so  that  the  integers 


P2  “  n2/n,  p3  -  n3/n  (3.29) 

•re  relatively  prime,  it  is  an  elementary  theorem  in  number  theory  that  there  exist 
integers  q  and  r  such  that 

P&  -  P3r  *  1  •  (3.30) 

A  possible  transformation,  described  in  terms  of  reciprocal  lattice  vectors,  is  then  given 
by 


-1  1 
a  »  a 


-2 

a 

-3 


P2a  +  p3a 


2  j.  3 

a  “  ra  +  qa 


which  implies  that  a^  «  a^.  Thus , 


F  *  1  +  61a1  ■  (u2«2  +  u3a3)  , 

-  2  3 

«  1  +  na1  0  (p2a  +  p3a  )  , 

-  -2 

*  1  ♦  ns.  0  a  , 


(3.31 ) 


giving  us  the  reduction  to  (3.11). 

CA8E_2:  One  of  the  8K  vanishes . 

As  before,  renumber  to  get  03  “  0.  With  m  as  the  greatest  common  divisor  of  B1 


and  0  ,  write 

01  »  mp1,  62  “  sp2  , 

now  letting  q  and  r  be  integers  such  that 

p’q  -  P2r  “  1  . 

With  the  allowable  change  of  lattice  vectors  given  by 

1  2 

«,  *  P  *,  +  P  «2  , 
*2  ”  r*1  +  q*2  ' 


(3.32) 


(3.33) 


a3  -  «3  , 


(3.34) 


we  have 


B  aj^  -  m(p  •1  +  p  a2>  »  raa1 
-K- 

-  B  aR  , 


(3.35) 


or  52  "  ?3  m  0.  Applying  to  this  the  analysis  described  in  CASE  I  then  gives  the  desired 
reduction. 
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ter*  writ* 


B2  -  sp2,  83  -  sp3  ,  (3.36) 

with  p2  and  p3  relatively  prime,  now  choosing  integer*  q  and  r  so  that 

p2q  -  p3r  -  1  .  (3.3?) 


The  change  of  lattice  vector*  given  by 

*1 

*2 

*3 


*1  * 


P  *2  +  P  *3 


■  ra2  ♦  q*j  , 


(3.36) 


then  give* 

8  *X  *  8  *1  +  *(p  *2  +  p  *3 

-  61a1  ♦  «a2  -  5**^  ,  (3.39) 

reducing  this  to  CASK  2. 

To  sum  up,  if  0*  and  u  are,  respectively,  integer*  and  rational  number*,  (3.23) 

L 

defines  an  elesMnt  of  6  provided  the  numbers  also  satisfy  (3.25)  end  the  condition  that 
the  products  6%^  be  integers.  With  aK  taken  as  a  possible  selection  of  lattice 
vectors,  F,  given  by  (3.8)  defines  on*  of  the  possible  lattice-invar isnt  shears.  By 
ueing  the  above  algorithms,  we  can  always  find  lattice  vectors  reducing  any  possible  F  to 
the  form  (3.11).  Said  differently,  v  wet  be  parallel  to  a  possible  reciprocal  lattice 
vector,  a  to  one  of  the  corresponding  perpendicular  lattice  vectors,  its  magnitude  being 


limited  by  (3.12). 


Rather  obviously,  such  discontinuities  give  rise  to  discontinuities  in  lattice  vectors 
which  agree  with  the  Born  rule,  although  the  x-ray  crystallographer  would  perceive  lattice 
vectors  as  constant  throughout.  Perhaps  it  only  reflects  my  lack  of  ingenuity,  but  I  find 
it  difficult  to  seriously  consider  anything  more  general  than  piecewise  homogeneous 
deformations,  as  a  real  ambiguity  involved  in  relating  the  Born  hypothesis  to  measurements 
of  lattice  vectors.  Of  course,  the  metallurgist  uses  other  clues,  pondering  how  finite 
crystals  are  seen  to  be  shaped,  fit  together,  etc.  It  is  not  entirely  easy  to  sort  out  all 
of  the  mathematical  and  mechanical  ideas  which  might  be  involved  in  such  considerations. 


4.  PRACTICE 


It  ia  not  so  hard  for  the  uninitiated  to  be  Dialed  by  common  descriptions  of 
configurations.  In  a  certain  temperature  range,  a  monatomic  crystal  might  adopt  a 
configuration  sometimes  described  as  a  face-centered  cubic.  At  other  temperatures,  it 
might  occur  in  the  form  described  as  body-centered  cubic.  Different  phases  of  iron  are  of 
these  tons,  for  example.  The  words  suggest  picturing  an  homogeneous  deformation  of  one 
cube  to  another.  Apart  from  a  rather  inconsequential  translation  and  rotation,  this  could 
only  be  a  uniform  dilation,  all  directions  being  stretched  the  same,  a  conformal  mapping. 
Experience  contradicts  this,  and  it  is  inconsistent  with  the  Cauchy  and  Born  hypotheses. 

For  the  face-centered  cubic,  the  words  suggest  a  translation  group  generated  by  three 
orthogonal  vectors  of  equal  length;  forming  edges  of  a  cube,  say  bj,  b2  and  bj. 
Application  of  this  translation  group  to  one  atom,  located  at  the  origin,  would  generate  a 

simple  lattice, ya  simple  cubic  configuration.  To  get  the  face  centered  variety,  we  add 

\ 

identical  atoms  it  three  places,  say 

^(b,  +  1^),  ^(b2  ♦  bj),  ^  (bj  +  b,)  ,  (4.1) 


applying  the  same  translation  group  to  these,  to  locate  positions  of  remainder.  Or, 
equivalently,  we  place  atoms  at  positions  whose  components,  relative  to  this  basis,  are 
either  integers  or  half-integers. 

In  discussing  deformations  likely  to  occur  in  transitions  of  the  kind  mentioned, 
metallurgists  sometimes  picture  the  configuration  in  a  different  way,  as  a  body-centered 
tetragonal.  Here  one  introduces  as  translation  vectors  cK,  given  by 

c^  ■  Vi  (b1  -  bj)  ,  ] 


c2  ■  '/£  (b,  +  bj)  , 


(4.2) 


c3  -  b3  , 


still  orthogonal,  with  cj  and  c2,  but  not  c2  of  equal  length,  describing  edges  to  the 
tetragon.  With  the  factors  of  ^  occurring,  the  two  sets  are  not  related  by  G.  From  this 
alone,  it  follows  that  not  both  can  be  lattice  vectors.  Application  of  the  second  group  to 
an  atom  at  Vl  (bj  ♦  b2)  generates  most  atomic  positions.  To  get  the  rest,  similarly 
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(4.3) 


trintUt*  an  atom  whose  position  vector,  ralativa  to  this  point,  is 

Vi (bj  ♦  bj  ♦  b3>  . 

Anothar  way  of  describing  tha  a ana  configuration  is  to  introduce  translation  vactora 

*1  "  ^  <b(  -  bj)  ■  CJ  , 

•2  “  ^  <b1  ♦  bj  >  -  03  ,  (4.4) 

•3  “  '<4  (b|  ♦  bj)  “  (c1  ♦  C2  ♦  Cj)  ,  , 

Applied  to  on#  atoai,  this  ganaratas  tha  whole  sat,  describing  it  as  a  aiaple  lattice, 
theae  aK  being  one  of  tha  possible  sets  of  lattice  vectors.  With  tha  factors  of  Vi 
running  in  (4.4),  neither  bg  nor  cK  can  be  lattice  vectors.  In  tha  jargon  used  by 
Bricksen  (13],  they  are  sub-lattice  vectors.  Generally  sub-lattice  vectors  bg  are 
related  to  lattice  vectors  by  equations  of  the  form 

bK  *  VL  '  ‘4’5> 

where  the  n£  are  integers  such  that 

detlnjjl  *  0,  1,  -1  ,  (4.6) 

so  the  inverse  transformation  exists,  with  coefficients  which  are  rational  niabers,  not  all 
integers.  In  at  least  seme  cases  where  the  Born  hypothesis  fails,  a  modification  can 
reasonably  be  applied,  with  lattice  vectors  replaced  by  suitably  selected  sub-lattice 
vectors.  Of  course,  this  makes  tha  hypothesis  still  more  ambiguous. 

For  the  body-centered  cubic,  we  also  introduce  three  orthogonal  vectors  dg  of  equal 
length,  like  tha  previous  bg.  From  an  atom  at  ths  origin,  this  again  generates  a  simple 
cubic  lattice.  Add  an  atom  at 

Vi  (d,  ♦  dj  ♦  d,)  ,  (4.7) 

and  similarly  translate  it  to  complete  the  configuration.  Again,  this  is  a  simple  lattice, 

A 

with  one  set  of  lattice  vectors  >K  being  given  by 

•l  "  d1  ' 

*2  "  d2  ' 

•j  -  Vi  («,  ♦  *2  *  V  • 

and,  again,  the  dg  are  sub-lattice  vectors,  but  not  lattice  vectors.  The  descriptions  as 
face- or  body-centered  cubes  have  some  merit,  making  rather  obvious  the  crystallographic 


point  group*  appropriate  for  these.  By  a  routine  calculation,  one  can  get  this  fro*  the 
siatple  lattice  description.  The  body-centered  tetragonal  description  suggests  a  different 
point  group,  and  it  is  less  routine  to  correctly  calculate  the  point  group,  using  it,  but 
it  makes  it  easier  to  picture  scsm  relevant  deformations.  According  to  either  the  Cauchy 
or  the  Born  hypothesis,  which  hsre  agree,  a  possible  homogeneous  deformation  taking  the 
face-centered  cubic  to  the  body-centered  cubic  configuration  is  defined  in  tents  of  lattice 
vectors  described  above  by,  as  the  detonation  with  gradient  F  such  that 

KmT*K-  <4*9) 

Of  course,  one  can  superpose  lattice-invariant  deformations,  as  described  earlier, 
including  use  of  lattice-invariant  shears.  On  theorstical  grounds,  I  see  no  easy  way  of 
deciding  that  on*  of  these  is  more  likely  to  be  observed  than  another,  although  one  expects 
them  to  be  separated  by  energy  barriers.  With  (4.9),  eleasntary  calculations  indicate  that 
one  can  picture  the  deformation  as  that  taking  the  tetragon  with  edges  cK  to  the  cube 
with  edge*  dK,  a  deformation  which  is  clearly  different  from  the  uniform  dilatation 
mentioned  at  the  beginning  of  this  section.  In  the  metallurgical  literature,  this  is 
called  the  Bain  distortion  or  Bain  deformation.  Soma  discussions  of  this  such  as  that  of 
■ishiyama  [5,  p.  339]  mention  experimental  confirmation  that  this  is  the  deformation  which 
occurs  in  at  least  some  cases.  Following  this  is  a  discussion  of  martensitic 
transformations  which  involve  much  more  complex  patterns  of  deformation,  with  quite 
different  crystal  configurations  contacting  each  other.  Certainly,  it  would  be  nice  to 
have  better  tools,  to  resolve  such  pussies. 

In  this  discussion,  I  glossed  a  point.  Conceivably,  the  uniform  dilatation  and  the 
deformation  given  by  (4.9)  could  both  be  consistent  with  the  Born  hypothesis.  It  is  not 
very  hard  to  show  that  they  can't,  but  I  won't  take  space  to  elaborate  this. 
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